
⑭ I = (- x, d)

f
,
(x) = X fz(x) = 3x2

fi(x) = 1 fi(x) = 6X

witiful =1) = /Y1 = (x((6x) - (3xy()

= 3x2
-

comments : We want to now show
that the

~me
Wronskian Wififcl = 3x2 is Not

the zero function

on I= -Dirdl

They differ
everywhere(

X = 0 .

factionexcept atJ
There exists an x value in

I = C-r , d)

where the
Wronskian isn't equal

to zero.

For example, plugging
in X

=/ gives

W(fifel (1) = 3 (1)"= 3 + 0.

Thus , f , andfo are linearly independent

un I= (
- -, 1) .



# I = (- x, d)
f
,
(x) = Sin(2x) fz(x) = sin(x)

fi(x) = 2cs(2x) fi(x)
= cos(X)

sin(2x)
sin(x) I

witiful =1 = /zcosxs coax

= sin(2x)cos(x)
- 2sin(x) (us(2x)

We want to show that
this isn'taqual to

the zero function .

Let's find an x where WH , fa) is
not

equal to 0.

If you try X
= o you

will get

Wifi , fel(o)
= Alcoho

-
usin(o)cos (2 : 2)

~
O

O

= 0

Need a different X .

Try X= - [FfyrutryXyuni]
Then

W(fi ,ful(E) = sin(2.)cos()-2sir
(* /cos(2 ·E ) = -2
--

un L Cus(T) = - 1

Sin(n)= 0 8

This is definitely not the zero function.



Zero

=# ↑
enctive

Any x makes W(f,ful
0

.

Thus
,
f
, (x) = sin(2x)

and fu(x)
= sin(x)

are linearly
independent on
I = -p , d) .



⑮

= de
Then
,

whifu = (2) #
= x 2x

- (x)) -x Y

= 2
- x

++ + xz
3

= 2x + X*
> as long

as Xo
thes

3 xsendefined
= 2 + 1 go is

= 3

Since the Wronskian is never
zero,

f, (x) = k and f(x) =x

are
linearly independent

.



⑭ Let Yn = < x+ EX
*

Let - & 4

f
,
(x) = X* and fa(x) = X.

Than,
fi(x) = 2x

and fi(x) = 4x
*

inearly
independent.

We have

witiful = I (3) = (x ((4x)
- (x)(xY)

=
4x
+
-
2x

+ Y

= 4x- 2x

=
2x

The Wronskian
is not the zero

function,

for
example

at x = 1 , the
wronskin-

is
w(fifil(1)==

2 0.

So,
f
,
and fe are linearly

independent.

We must
show that

f
,
andfu both solve[ep2:xy"- 5xy+ 8y = 0



This is true because plugging them into the

equation gives

%and
By Step 1 and step 2

we know
that every

solution to

xy"- 5xy+ 8y
= 0

is of the
form

-Tcifitcf=
⑯ Let p

= 3 .

Then , Y :
= 0 , y %" = 0.

Thus, plugging
up
into the

left hand
side

of xy"-
Sxy+8y =

24 gives

x2 y -3xy + 8yp
= x (0) - Sx(0)

+ 8(3) = 24.

So , yo is a particular solution
to

x
= y"-Sxy+ Sy = 24 .



&() By part Cal and (b) we get
that

a formula
for the general solution

to

x y"- Sxy+ 8y =
24

is

y = Yu+ yp
=xxxx" +2

Yu

(d)By part() ,
the general solution to

x y"- Sxy+8y =
24

is given by

y =
c
,

x+ 2xy + 3

We want this
solution to satisfy

e'(l) = 0
and y(1)= - 1

We have

2 x,
So , We

must solve do

C1 +2
= - Y Q=

[- -
+ Y(z = 0 ②j[⑪



Solve for C ,
in D to get c = -4- .

pluy this into2 to get 2(4-2) +
Y = 0

This gives-8-2( +4
= 0 .

This gives 2
= 8.

4x
= - y - 4 = - 8

So the solution
to

xy" - Sxy' + Sy = 24 , y'(l
= 0
,
y() = -

is given by

y
= -8. x+
x 3

22

+3
wer

This solution
is the only solution

to part (d)

of this problem.



⑭ Let Yn = <e+xeY

-
Let f ,(x)

= e
* and fa(x) =Xe

Then, fi(x) = ze
Y and filx) =

e+ 2xex

f."(x) =Ye and fe(x)
= ze
**

+ 2(e* 2xex)
2x

= ye+ 4xe

⑭showf,
and fu are linearly independent

2X

Xe
We have

~If , ful
=1) =K ezxe

=(eY(e+ 2xe
x) - (2e

** ((x
** )

4 X

-
- ex + 2xe"x

-
2xe

↳
=

4X To= C

-

We see that
the ~

Wronskine is
not the zero function. For

example at X
= 0 ,

W(f
,
ful(o) = e
*
= e= 1 + 0.

Thus
,
f
,
andfc are linearly independent on

I = (-x,3) .



Sey2: Show f , and fe solve[- +4 = 0

This is true
because

f. - 4f, + 4f , = 4
* 4(ze

* ) + Y(eY = 0

and

fu - Yfn +4fc
= 4 x + Yx

*
-
4)
*

+
2xe

*) +4xex

= 4
*
+4x
*4 Oxe* +4xex

=O

By step 1 and step 2
We have

that the

general solution
to

- +4 = 0

is given by 2X

XenSe + x -z
Then , yo = 2xe* + 2xe

**
+1

and yo" = ze
*

+ 4xe
*

+ 4xe
**

+ 4xex



= ze + 8xe + 4x
*ex

So , plugging up
into the left side

of

-4 + 4y = ze
*

+ yx - 12 gives
us

y" - 44! + 4yp
= (2e*+ 8xe*+

4xe-x)

2x
+ 2x

*ex + 1)
-
4(2xe
+ 4(xe2

+ x - 2)

=
22 + x - 12

&gosole the etrationa we get that

the general
solution to

-4 + 4y = ze
*

+ yx - 12

is given
by

y = 3n + yp=x
-



# From (a) we want

y
= ce + (xe

*

+ xe
x
+ x

- 2

where y'do
= 0 , y(d)

= 1 .

Note that

y =2
*

+ (e* + 2x
*

+ 2x*+
2xe+ 1

We must
solve·cieth0e + 2 . 0- + 2 .

%2 = 0

⑮ < 2 + (
- 0 - e +

02 . i + 0
-
2 = 1

=Cz=
-2

Kinetiwe akinis



⑪ Let Yu = c , X
*
+ (x

12
-

These

Let fi(x) = X
1 and fu(x) = X. alined

Then
, fi (x) =

- EX* and fr(x) = -X . x+ 0
- 3 it on

Ands f,
"

(x = Ex- and fix =

u) when

I= (0,8)

!show that f , and fo are linearlyindependent

We have
that

wiff==
= (x(-xy

- (-Ex
* )(x)

-
3/2 - 1

- 12 - 2
+ =X

=
- X

- 5/z

=
- x
S
+ zX
- 5/z

=- EX

This is not the zero
function on I since

for example at X = 1 we get

w(f,fe)(1)
=
- t(1)-
"
=
- z + 0 .



Thus
,
f

,
and fe are linearly independent

on I = (0, 9).

&Showthat, ad
heele

Plugging f , and fe
into the equation gives

2xf
,

"
+ Sxf ! + + ,

= 2x ( * X
*y +Sx(zx

* ) + x
*

= EX-" - zx + xy

= 0

and

2xfi + Sxfi + fi
= 2x (2x ) +

5x(- xy + x
+

= 4x
- Sx* +x

= 0

So f , and
fa both Solve

Ex'y" + Sxy' + y= 0.

By Step
1 and I we

have that the

general solution
to 2xy"+ Sxy + y

= 0 is

Yn = C
f
,
+ G fz = c ,
x + cx



# Let Yp = Tsx- EX .

Then , Yp = EsX-t
And , Yp" = Es

Plugging Yp into
2xy" + Sxy' + y =

X-x gives

2xyy + 5xyp + yp

= 2x (i) + 5x(ix
- 5) + (ix= (x)

= +x + +x
- Ex + +x- (x

= Ex-Ex
= x*- X

Up
is a particular solution

.

⑮ The general solution
to

2xy" + Sxy + y =
x-x

is given by

-
Yn+ yp

=x+ ax + +x Ex



#) We want

y =
c,x+ ax + +x -x

where

y'(l) = 0
and y()

= 0 .

We have
y' = -Ex

*
-
** + YX - t

So we
must solve

i
I

#
Solving D for c gives 2

= -Eco

Plug this into& gives a + -Ex-sol
= to

so,= Thus,s ↳

And, cn =-- = -ti)-==
So , the solution we

are looking for
is

&x- (x" + +x- Ex


